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Abstract
Given a degree 1 function F ∈ S] and a real number α, we consider the linear twist F (s, α),
proving that it satisfies a functional equation reflecting s into 1 − s, which can be seen as a
Hurwitz-Lerch type of functional equation. We also derive some results on the distribution of the
zeros of the linear twist.
1 Introduction
In 1989, Selberg [16] presented his axiomatic definition of the class of L-functions. For a complete
overview of the theory we refer to the surveys of Kaczorowski [4] and Perelli [11], [12]. In this work we
focus on the so called extended Selberg class S], which is the class of the non identically zero Dirichlet
series
F (s) =
∞∑
n=1
a(n)
ns
absolutely convergent for <(s) = σ > 1, admitting a meromorphic continuation to the complex plane
and satisfying a functional equation of the form
Φ(s) = ωΦ(1− s), where Φ(s) = Qs
r∏
j=1
Γ(λjs+ µj)F (s) = γ(s)F (s),
with Q > 0, λj > 0, <(µj) ≥ 0, |ω| = 1 and Φ(s) = Φ(s) (see e.g. [11] for the precise definition). Given
F ∈ S], the degree of F is defined by
d = 2
r∑
j=1
λj .
The degree is an invariant for F , i.e. it is uniquely determined by the function itself and does not
depend on the shape of the functional equation, which is not unique (cf. e.g. [11, p. 27] or [4]).
Then, S] splits into the disjoint union of the subclasses S]d of the functions with given degree d ≥ 0.
The so-called Strong degree conjecture states that S]d = ∅ if d /∈ N. So far, the conjecture is proved in
the range 0 < d < 2. In particular, several authors independently proved that S]d = ∅ for 0 < d < 1,
(cf. [13], [1], [2], [10]), while the proof for 1 < d < 2 is due to Kaczorowski and Perelli [8]. For degrees
d = 0 and d = 1, the elements of S and S] have been completely characterized. The results below
describe the structure of S]0 and S]1, [6, Theorems 1 and 2].
Theorem 1 (Kaczorowski-Perelli). (i) Let F ∈ S]0. Then q ∈ N, the pair (q, ω) is an invariant for
F and S]0 is the disjoint union of the subclasses S]0(q, ω), with q ∈ N and |ω| = 1.
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(ii) Let F ∈ S]0(q, ω), with q, ω as above. Then F (s) is a Dirichlet polynomial of the form
F (s) =
∑
n|q
a(n)
ns
. (1.1)
(iii) V ]0 (q, ω) = S]0(q, ω) ∪ {0} is a real vector space of dimension d(q) =
∑
d|q 1.
Remark 1. As shown in [6, §3] the functional equation in the case d = 0 implies the following relation
on the coefficients
a(n) =
ω√
q
na
(
q
n
)
for n | q. (1.2)
Let now χ be a Dirichlet character modulo q. Denote by χ∗ the primitive character inducing χ and
by fχ its conductor. If τχ∗ is the Gauss sum corresponding to χ∗, let
ωχ∗ =
τχ∗
ia
√
fχ
where a =
{
0 if χ(−1) = 1
1 if χ(−1) = −1.
If d = 1 the root-number is defined as
ω∗ = ω(βQ2)iθ
r∏
j=1
λ
−2i=(µj)
j , where β =
r∏
j=1
λ
2λj
j .
Moreover, write
X(q, ξ) =
{
{ χ (mod q) | χ(−1) = 1 } if η = −1
{ χ (mod q) | χ(−1) = −1 } if η = 0.
With the above notation, a complete characterization of S]1 is given.
Theorem 2 (Kaczorowski-Perelli). (i) Let F ∈ S]1. Then q ∈ N, η ∈ {−1, 0} and the triple (q, ξ, ω∗)
is an invariant. Moreover, S]1 is the disjoint union of the subclasses S]1(q, ξ, ω∗), with q ∈ N,
η ∈ {−1, 0}, θ ∈ R and |ω∗| = 1.
(ii) Let F ∈ S]1(q, ξ, ω∗), with q, ξ, ω∗ as above. Then, F (s) can be uniquely written as
F (s) =
∑
χ∈X(q,ξ)
Pχ(s+ iθ)L(s+ iθ, χ
∗), (1.3)
where Pχ is a Dirichlet polynomial in S]0(q/fχ, ω∗ωχ∗) and L(s, χ∗) the Dirichlet L-function
associated to the primitive character χ∗.
(iii) If a(n) is the n-th Dirichlet coefficient of F ∈ S]1, then a˜(n) = a(n)niθ is periodic of period q.
(iv) V ]1 (q, ξ, ω
∗) = S]1(q, ξ, ω∗) ∪ {0} is a real vector space of dimension
dimV ]1 (q, ξ, ω
∗) =
{⌊
q
2
⌋
if ξ = −1⌊
q−1−η
2
⌋
otherwise.
Remark 2. Observe that, since all the characters in X(q, ξ) have the same parity, a is completely
determined by η, and hence by ξ which is an invariant for F ∈ S]1. In particular we have a = η + 1.
The main tool in the proof of Theorem 2 is the so-called linear twist, defined for σ > 1 by
F (s, α) =
∞∑
n=1
a(n)
ns
e(−nα), (1.4)
where F ∈ S]1, α ∈ R and e(x) := e2piix. In [6, Theorem 7.1], Kaczorowski and Perelli established some
analytic properties of the linear twists, such as the meromorphic continuation to the half-plane σ > 0
and the possible existence of a simple pole at s = 1− iθ.
2
In [7], Kaczorowski and Perelli showed that the theorem for the linear twists is a special case of a
general result holding for S]d for any degree d > 0. Given α ∈ R and F ∈ S]d, with d > 0, for σ > 1
they introduced the so-called standard twist
Fd(s, α) =
∞∑
n=1
a(n)
ns
e(−n1/dα), (1.5)
which corresponds to the linear twist when d = 1. In [7, Theorem 1], the main analytic properties of
the standard twists are described.
In [9], Kaczorowski and Perelli focused on degree 2 functions. They considered the standard
twists of a Hecke L-function associated to a cusp form of half-integral weight, deriving a functional
equation which can be seen as a degree 2 analogue of the Hurwitz-Lerch functional equation. In this
case, the functional equation is obtained thanks to the special form of the involved Γ-factor, which
enables the explicit computation of a certain hypergeometric function arising in the proof. In this
work we will focus on the case d = 1. We are interested in investigating further analytic properties
of the linear twists. In particular, as a first step we derive a functional equation. Then, we go on
studying the growth on vertical strips and the distribution of the zeros. We remark that, thanks to the
characterization given in Theorem 2, the linear twists of degree 1 functions in S] are closely related to
Hurwitz-Lerch zeta functions.
2 A functional equation for the linear twist
Let F ∈ S]1 and α ∈ R. Since F (s, α) = F (s, {α}), we can assume α ∈ (0, 1]. For β ∈ R, let
F∗(s, α, β) :=
∑
n+β>0
a˜(n)
(n+ β)s+iθ
e(−nα), (2.1)
where widetildea(n) is as in Theorem 2.
Remark 3. In the definition above n ∈ Z and a˜(n) is extend to Z by periodicity.
It can be easily seen that equation (2.1) with β = 0 coincides with the linear twist F (s, α). In the
above notation, our goal is now proving the following result.
Theorem 3. Let F ∈ S]1 and let α ∈ (0, 1]. Then, the linear twist F (s, α) satisfies the functional
equation
F (1− s, α) = ω
∗Γ(s− iθ)qs−iθ− 12
ia(2pi)s−iθ
(
ei
pi
2 (s−iθ)F ∗(s, 0,−αq) + (−1)ae−ipi2 (s−iθ)F ∗(s, 0, αq)
)
. (2.2)
Remark 4. Observe that the functional equation (2.2) is not of Riemann type, even if it still reflects s
into 1− s. As explained below, it can be seen as a Hurwitz-Lerch type functional equation.
The key point to derive (2.2) is Theorem 2, in particular expression (1.3). So, assume that for
any χ ∈ X(q, ξ), Pχ is a Dirichlet polynomial with coefficients c(n) = cχ(n) for n | qfχ . We rewrite the
linear twist as
F (s, α) =
∑
χ∈X(q,ξ)
∑
n|q/fχ
m≥1
c(n)χ∗(m)
(mn)s+iθ
e(−mnα) =
∑
χ∈X(q,ξ)
∑
n|q/fχ
c(n)
ns+iθ
L(s+ iθ, χ∗, nα),
where L(s+iθ, χ∗, nα) =
∑
m≥1
χ∗(m)
ms+iθ
e(−mnα) is the linear twist of the Dirichlet L-function associated
to the primitive character χ∗.
2.1 A functional equation for L(s, χ, α)
As a first step, we derive a functional equation for the linear twist of a Dirichlet L-function associated
to a primitive character. So, let χ be a primitive Dirichlet character modulo q and let α ∈ R. Using
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the orthogonality properties of characters we get
L(s, χ, α) =
∞∑
n=1
χ(n)
ns
e(−nα) =
∞∑
n=1
χ(n)
ns
e(−n{α}) = 1
τχ
q−1∑
a=0
χ(a)ζL(s, a/q − {α}, 0), (2.3)
where ζL(s, x, y) is the Hurwitz-Lerch zeta function defined as
ζL(s, x, y) =
∑
n>−{y}
e(n{x})
(n+ {y})s , (2.4)
for x, y ∈ R and n ∈ Z. It is well known that the Hurwitz-Lerch zeta function can be analytically
continued to a holomorphic function in C with a possible simple pole of residue 1 at s = 1 if and only
if x ∈ Z. Moreover, it satisfies a functional equation of the form
ζL(1− s, x, y) = Γ(s)
(2pi)s
(
ei
pi
2 s−2pii{x}{y}ζL(s,−y, x) + e−ipi2 s+2pii{−x}{y}ζL(s, y,−x)
)
. (2.5)
We refer e.g. to Garunkstis-Laurincikas [3] for a detailed discussion on the properties of the Hurwitz-
Lerch zeta function. Now, for α, β ∈ R, we introduce the notation
L∗(s, χ, α, β) =
∑
n+β>0
χ(n)
(n+ β)s
e(−nα),
observing that L∗(s, χ, α, 0) = L(s, χ, α). Then, the following result holds.
Theorem 4. Let L(s, χ) be the Dirichlet L-function associated to the primitive character χ modulo q.
Then, given α ∈ R, the linear twist L(s, χ, α) admits a meromorphic continuation to C with a possible
simple pole at s = 1. Moreover, it satisfies the functional equation
L∗(1− s, χ, α, 0) = Γ(s)τχχ(−1)
(2pi)sq1−s
(
ei
pi
2 sL∗(s, χ, 0,−αq) + χ(−1)e−ipi2 sL∗(s, χ, 0, αq)
)
. (2.6)
Proof. Writing L(s, χ, α) as a linear combination of Hurwitz-Lerch zeta function as in (2.3), we deduce
that the linear twist can be extended to a meromorphic function on C with a possible simple pole at
s = 1. Given a ∈ {0, . . . , q − 1} with (a, q) = 1, the pole at s = 1 of ζL(s, a/q − {α}, 0) exists if and
only if aq − {α} ∈ Z. Then, L(s, χ, α) has a pole at s = 1 if and only if χ(αq) 6= 0 (we assume that
χ(x) = 0 if x /∈ Z). The residue is Ress=1 L(s, χ, α) = χ(αq)τχ .
On the other hand, by (2.3) and (2.5), we get
L(1− s, χ, α) = 1
τχ
q−1∑
a=0
χ(a)ζL(1− s, a/q − {α}, 0)
=
1
τχ
q−1∑
a=0
χ(a)
Γ(s)
(2pi)s
(
ei
pi
2 sζL(s, 0, a/q − {α}) + e−ipi2 sζL(s, 0,−a/q + {α})
) (2.7)
Let now
Σ1 =
q−1∑
a=0
χ(a)ζL(s, 0, a/q − {α}) and Σ2 =
q−1∑
a=0
χ(a)ζL(s, 0,−a/q + {α}).
Observing that aq − {α} ∈ (−1, 1) and properly rearranging the sums, we get
Σ1 =
∑
m>αq
{mq }>{α}
χ(m)
(m− αq)s +
∑
m>αq
{mq }≤{α}
χ(m)
(m− αq)s =
∑
m>αq
χ(m)
(m− αq)s = L∗(s, χ, 0,−αq),
and similarly
Σ2 =
∑
m>−αq
{−mq }≥{α}
χ(m)
(m+ αq)s
+
∑
m>−αq
{−mq }<{α}
χ(m)
(m+ αq)s
=
∑
m>−αq
χ(m)
(m+ αq)s
= L∗(s, χ, 0, αq).
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Then, recalling that τχτχq = χ(−1), equation (2.7) can be rewritten as
L∗(1− s, χ, α, 0) = Γ(s)
(2pi)s
τχχ(−1)
q1−s
(
ei
pi
2 sL∗(s, χ, 0,−αq) + χ(−1)e−ipi2 sL∗(s, χ, 0, αq)
)
.
Remark 5. It can be noticed that (2.6) has a shape which is similar to (2.5). For this reason, we say
that (2.6) is a Hurwitz-Lerch type of functional equation. The same holds for (2.2).
2.2 A functional equation for the linear twist of Pχ(s)L(s, χ∗)
Let now F ∈ S]1 and write
F (s) =
∑
χ∈X(q,ξ)
Fχ(s+ iθ), where Fχ(s) := Pχ(s)L(s, χ∗). (2.8)
Given χ ∈ X(q, ξ), assume that Pχ(s) =
∑
n|q/fχ
c(n)
ns . The linear twist of Fχ(s) becomes
Fχ(s, α) :=
∑
n|q/fχ
m≥1
c(n)χ∗(m)
(mn)s
e(−mnα) =
∑
n|q/fχ
c(n)
ns
L(s, χ∗, nα).
We recall that the following relation holds
c(n)
n
=
ω∗ωχ∗√
q/fχ
c
(
q
nfχ
)
, (2.9)
coming from the functional equation for S]0 (cf. (1.2)). Combining (2.9) with (2.6), we get
Fχ(1− s, α) =
∑
n|q/fχ
c(n)
n1−s
L∗(1− s, χ∗, nα, 0)
=
∑
n|q/fχ
c(n)
n1−s
(
Γ(s)
(2pi)s
τχ∗χ(−1)
f1−sχ
(
ei
pi
2 sL∗(s, χ∗, 0,−αnfχ) + χ(−1)e−ipi2 sL∗(s, χ∗, 0, αnfχ)
))
=
ω∗fsχ
ia
√
q
Γ(s)
(2pi)s
(
ei
pi
2 s
∑
n|q/fχ
m/n−αfχ>0
c(q/nfχ)χ
∗(m)
(m/n− αfχ)s + χ(−1)e
−ipi2 s
∑
n|q/fχ
m/n+αfχ>0
c(q/nfχ)χ
∗(m)
(m/n+ αfχ)s
)
=
ω∗qs−
1
2 Γ(s)
ia(2pi)s
(
ei
pi
2 s
∑
n|q/fχ
mn−αq>0
c(n)χ∗(m)
(mn− αq)s + χ(−1)e
−ipi2 s
∑
n|q/fχ
mn+αq>0
c(n)χ∗(m)
(mn+ αq)s
)
,
where we rearranged the sum over n, observing that if n | qfχ , then n′ =
q
nfχ
also divides qfχ . Moreover,
we used the following identities
ωχ∗ = ωχ∗ =
τχ∗
ia
√
fχ
and
τχ∗τχ∗
fχ
χ(−1) = 1.
For α ∈ (0, 1] and β ∈ R, let
Fχ(s, α, β) :=
∑
n|q/fχ
mn+β>0
c(n)χ∗(m)
(mn+ β)s
e(−mnα).
It can be easily observed that ∑
n|q/fχ
mn±αq>0
c(n)χ∗(m)
(mn± αq)s = Fχ(s, 0,±αq).
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Then, for the linear twist of Fχ(s) we derive the functional equation
Fχ(1− s, α) = ω
∗qs−
1
2 Γ(s)
ia(2pi)s
(ei
pi
2 sFχ(s, 0,−αq) + χ(−1)e−ipi2 sFχ(s, 0, αq)). (2.10)
2.3 Proof of Theorem 3
Let now F ∈ S]1. The functional equation for F (s, α) comes from the results of the previous sections.
By (2.8), we have
F (1− s, α) =
∑
χ∈X(q,ξ)
Fχ(1− s+ iθ, α)
=
∑
χ
(
ω∗Γ(s− iθ)qs−iθ− 12
ia(2pi)s−iθ
(
ei
pi
2 s−iθFχ(s− iθ, 0,−αq) + χ(−1)e−ipi2 s−iθFχ(s− iθ, 0, αq)
))
=
ω∗Γ(s− iθ)qs−iθ− 12
ia(2pi)s−iθ
(
ei
pi
2 (s−iθ)F ∗(s, 0,−αq) + (−1)ae−ipi2 (s−iθ)F ∗(s, 0, αq)
)
,
since we have∑
χ∈X(q,ξ)
Fχ(s− iθ, 0,±αq) =
∑
χ∈X(q,ξ)
∑
n|q/fχ
mn+±αq>0
c(n)χ∗(m)
(mn± αq)s−iθ = F ∗(s, 0,±αq).
Remark 6. As already observed, it is well-known that the linear twist F (s, α) has a meromorphic
continuation to C with a possible simple pole at s = 1− iθ. We now briefly sketch the calculation of
the residue. Recall that
F (s, α) =
∑
χ∈X(q,ξ)
∑
n|q/fχ
c(n)
ns+iθ
L(s+ iθ, χ∗, nα).
Since Ress=1−iθ L(s+ iθ, χ∗, αn) =
χ∗(αnfχ)
τχ∗
, using again (2.9) and writing m = qnfχ , we get
Ress=1−iθ F (s, α) =
∑
χ∈X(q,ξ)
∑
n|q/fχ
c(n)
n
χ∗(αnfχ)
τχ∗
=
ω∗
ia
√
q
∑
χ∈X(q,ξ)
∑
m|q/fχ
c(m)χ∗
(
αq
m
)
=
ω∗
ia
√
q
a˜(αq).
Note that, as stated in [7, Theorem 1], the pole exists if and only if a(αq) 6= 0.
3 The order of growth
The functional equation allows us to go on studying the analytic properties of the linear twist. We
start investigating the order of growth on vertical strips. It is already known by [7, Theorem 2] that
the linear twist has polynomial growth on vertical strips. However, we consider the Lindelöf function
associated to F (s, α),
µ(σ, α) = inf { ξ ∈ R | F (σ + it, α) |t|ξ as |t| → +∞} . (3.1)
Let now
µ∗(σ, α) := max(µ+(σ, α), µ−(σ, α)),
where
µ±(σ, α) := inf { ξ ∈ R | F ∗(σ + it, 0,∓αq) |t|ξ as t→ ±∞} .
In the above setting, one can deduce the following corollary.
6
Corollary 1. Let F ∈ S]1 and α ∈ (0, 1]. Then , the linear twist F (s, α) has polynomial growth on
vertical strips and the corresponding Lindelöf function satisfies
µ(σ, α) =
1
2
− σ + µ∗(1− σ, α). (3.2)
Proof. The result easily follows with standard methods, combining the functional equation (2.2) with
Stirling’s formula for the Γ-factor.
Remark 7. Since the linear twist F (s, α) is absolutely convergent for σ > 1 and the Lindelöf function
is continuous, we get
µ(σ, α) =
{
0 if σ ≥ 1
1
2 − σ if σ ≤ 0.
Moreover, by the convexity of the Lindelöf function we deduce the upper bound
µ(σ, α) ≤ 1− σ
2
if 0 < σ < 1.
4 Distribution of the zeros
We are now interested in studying the distribution of the zeros of the linear twist. Theorem 5 and 6
below concern the zeros outside the critical strip 0 < σ < 1, while Corollary 2 is an analogue of the
Riemann-von Mangoldt formula. As a first step, we consider the zeros in the left half-plane σ < 0
coming from the interaction between the two terms on the right-hand side of the functional equation.
We refer to these zeros as the trivial zeros of F (s, α). Since the Γ-factor does not vanish, the zeros of
the linear twist are the zeros of the function
H(s) := ei
pi
2 (1−s−iθ)F ∗(1− s, 0,−αq) + (−1)ae−ipi2 (1−s−iθ)F ∗(1− s, 0, αq). (4.1)
The theorem below shows that, for σ sufficiently small, the linear twist has infinitely many zeros
located inside circles whose centers lie on certain generalized arithmetic progressions.
Theorem 5. There exist infinitely many circles Ch, h ≥ 0, of center sh = αh + β, with α, β ∈ C,
<(α),<(β) < 0, and radius η−<(sh) for some 0 < η < 1, such that F (s, α) has exactly one zero inside
each circle.
Proof. Recalling that the coefficients a˜(n) are defined in (iii) of Theorem 2, let
m1 = min {m > αq | a˜(m) 6= 0 } and m2 = min {m > −αq | a˜(m) 6= 0 } , (4.2)
then
F ∗(1− s, 0,−αq) = a˜(m1)
(m1 − αq)1−s−iθ +
∑
m>m1
a˜(m)
(m− αq)1−s−iθ
and similarly
F ∗(1− s, 0, αq) = a˜(m2)
(m2 + αq)1−s−iθ
+
∑
m>m2
a˜(m)
(m+ αq)1−s−iθ
.
Moreover, recalling (4.1), we write H(s) = W (s) + V (s), where
W (s) := ei
pi
2 (1−s−iθ) a˜(m1)
(m1 − αq)1−s−iθ + (−1)
ae−i
pi
2 (1−s−iθ) a˜(m2)
(m2 + αq)1−s−iθ
. (4.3)
and
V (s) = ei
pi
2 (1−s−iθ)
∑
m>m1
a˜(m)
(m− αq)1−s−iθ + (−1)
ae−i
pi
2 (1−s−iθ)
∑
m>m2
a˜(m)
(m+ αq)1−s−iθ
. (4.4)
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In this scenario, the idea is to study the zeros of W (s) and then to apply Rouché’s theorem to localize
those of H(s). Let a˜(m1) = ρ1eiθ1 and a˜(m2) = ρ2eiθ2 , with ρ1, ρ2 > 0 and θ1, θ2 ∈ [0, 2pi). Then
W (s) = 0 if and only if
ei
pi
2 (1−σ)+pi2 (t+θ)elog ρ1+iθ1e(σ−1+i(t+θ)) log(m1−αq)
= epi(a+1)e−i
pi
2 (1−σ)−pi2 (t+θ)elog ρ2+iθ2e(σ−1+i(t+θ)) log(m2+αq).
The equality of the moduli of the two sides gives
` = `(α) : t+
1
pi
σ log
(
m1 − αq
m2 + αq
)
+
1
pi
log
(
ρ1(m2 + αq)
ρ2(m1 − αq)
)
+ θ = 0, (4.5)
while from the arguments we get, for k ∈ Z,
`k = `k(α) : t log
(
m1 − αq
m2 + αq
)
− piσ + θ1 − θ2 + θ log
(
m1 − αq
m2 + αq
)
+ (2k + a)pi = 0. (4.6)
Observe that the above lines are orthogonal. Then, as k runs over the integers, W (s) has infinitely
many zeros in the half-plane σ < 0 lying on the line `. We denote these zeros as sk = σk + itk ∈ `,
k ∈ Z, observing that they form a generalized arithmetic progression.
Let now s = σ + it ∈ ` and δ > 0. Define t∗ = t+ δ and s∗ = σ + it∗. For δ sufficiently small,
W (s∗) epi2 δepi2 (t+θ) ρ1
(m1 − αq)1−σ − e
−pi2 δe−
pi
2 (t+θ)
ρ2
(m2 + αq)1−σ
= ((m1 − αq)(m2 + αq))
σ−1
2 (ρ1ρ2)
1
2 (e
pi
2 δ − e−pi2 δ)
 ((m1 − αq)(m2 + αq))
σ−1
2 (ρ1ρ2)
1
2 δ.
(4.7)
To derive an upper bound for |V (s∗)|, we denote
m˜1 = min {m > m1 | a˜(m) 6= 0 } and m˜2 = min {m > m2 | a˜(m) 6= 0 } .
Using the integral criterion and observing that the sums over χ and n are finite and the set{
|c(n)|
n
∣∣∣ χ ∈ X(q, ξ), n| qfχ } is bounded, we get respectively
∑
m≥m˜1
|a˜(m)|
(m− αq)1−σ 
1
(m˜1 − αq)−σ and
∑
m≥m˜2
|a˜(m)|
(m+ αq)1−σ
 1
(m˜2 + αq)−σ
.
It follows that
V (s∗) epi2 (t∗+θ) 1
(m˜1 − αq)−σ + e
−pi2 (t∗+θ) 1
(m˜2 + αq)−σ
 ((m1 − αq)(m2 + αq))
σ−1
2
(
A
(
m1 − αq
m˜1 − αq
)1−σ
+B
(
m2 + αq
m˜2 + αq
)1−σ)
,
(4.8)
where A =
(
ρ2
ρ1
) 1
2 (m˜1 − αq) and B =
(
ρ1
ρ2
) 1
2 (m˜2 + αq).
We now observe that m1−αqm˜1−αq < 1, so
(
m1−αq
m˜1−αq
)1−σ → 0 as σ → −∞ and similarly the other term. Then,
if δ = η−σ0 , with
max
(
m1 − αq
m˜1 − αq ,
m2 + αq
m˜2 + αq
)
< η0 < 1, (4.9)
combining equations (4.7) and (4.8), for σ sufficiently small we have |W (s∗)| − |V (s∗)| > 0. The same
result follows by the same argument with s∗ = σ + i(t− δ), δ > 0.
Since s = σ + it varies on the line `, we have proved that for σ > −σ′, with a suitable σ′ > 0,
|W (s)| − |V (s)| > 0 on the boundary of the region
Lδ = Lδ(α) = { s ∈ C with distance < δ from the line ` } .
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Let now k ∈ Z and consider the line lk. Given δ > 0 sufficiently small, assume that s ∈ `k ± δ. Then,
we can prove
W (s) δmax (epi2 (t+θ)ρ1(m1 − αq)σ−1, e−pi2 (t+θ)ρ2(m2 + αq)σ−1). (4.10)
Moreover, we already know that
V (s) max
(
e
pi
2 (t+θ)(m1 − αq)σ−1
(
m1 − αq
m˜1 − αq
)1−σ
, e−
pi
2 (t+θ)(m2 + αq)
σ−1
(
m2 + αq
m˜2 + αq
)1−σ)
.
So gathering equation (4.10) and the above upper bound, we can state that there exist σ′′ ≥ 0 such
that for σ < −σ′′, |W (s)| − |V (s)| > 0 when s ∈ `k ± δ for any sufficiently small δ > 0.
Let now
σ = max(σ′, σ′′). (4.11)
Applying Rouché’s theorem, we can state that there exists η ∈ (η0, 1) with η0 as in (4.9) such that for
each zero sk = σk + itk of W (s) with σk < −σ, F (s, α) has exactly one zero in a circle with center in
sk and radius η−σk . Re-parameterizing the zeros the statement follows.
Remark 8. The result above corresponds to Corollary 2 in [9], but actually our theorem is slightly
more precise. Indeed, Kaczorowski and Perelli showed that the zeros are located around a certain
line, and observed that the problem of the finer definition of the trivial zeros is open. On the other
hand, we prove that the zeros in our case are located inside circles with centers lying in a generalized
arithmetic progression on ` and radius tending to zero as σ → −∞.
We now present another theorem on the distribution of the zeros. In this case, the proof is complete
only if α is rational, while for irrational values of α only partial results are known.
Theorem 6. Let 0 < α ≤ 1 be rational. If F (s, α) and F ∗(s, 0,±αq) are not of the form P (s)L(s, χ),
where P (s) is a Dirichlet polynomial and L(s, χ) is a Dirichlet L-function, then
(i) there exist σ1, σ′1 > 0 such that the set
{σ ∈ (1, 1 + σ1] | F (σ + it, α) = 0, for some t ∈ R}
is dense in (1, 1 + σ1] and F (σ + it, α) 6= 0 if σ > 1 + σ′1.
(ii) there exist σ2 > 0 such that the set
{σ ∈ [−σ2, 0) | F (σ + it, α) = 0, for some t ∈ R}
is dense in the interval [−σ2, 0).
Proof. If α is rational, F (s, α), and F (s, 0,±αq) can be written as linear combinations of Dirichlet
L-functions with Dirichlet polynomials as coefficients, since they have periodic coefficients (cf. [15,
Theorem PDCB]). Then, by the result of Saias and Weingartner [15, Theorem], if these linear
combinations do not reduce to a single term, they have infinitely many zeros in the half-plane σ > 1.
The density of the real parts and the possible existence of gaps in the region where the zeros exist are
a consequence of [14, Theorem 1.1]. Therefore, part (i) is proved.
Let now σ < 0. The main tool in the proof of assertion (ii) is the functional equation. Consider
again the function H(s) in (4.1). We write
H(s) = ei
pi
2 (1−s−iθ)F ∗(1− s, 0,−αq) + (−1)ae−ipi2 (1−s−iθ)F ∗(1− s, 0, αq)
= ei
pi
2 (1−s−iθ)F1(s) + (−1)ae−ipi2 (1−s−iθ)F2(s).
(4.12)
Observe that, if they are not of the form P (s)L(s, χ), F1(s) and F2(s) have infinitely many zeros, since
1 − σ > 1. Moreover, the exponential factors imply that if one of the two terms of H(s) tends to
infinity, the other tends to zero.
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Assume t = =(s) > 0. Let ρ be a zero of F1(s) and consider δ > 0 sufficiently small such that F1
does not vanish on a circle of center ρ and radius δ. Define
γ = min
|s|=δ
|F1(s+ ρ)| > 0. (4.13)
Since we are working with generalized Dirichlet series, by almost periodicity we can assert that, for
any ε > 0, the set of τ ∈ R such that
max
|s|=δ
|F1(s+ ρ+ iτ)− F1(s+ ρ)| < ε (4.14)
is relatively dense (i.e. there exists ` > 0 such that any interval of length ` contains at least a τ as
above). Moreover, we have
|e−pi2 (1−s−iθ)H(s)− F1(s)| = |e−pi(1−s−iθ)F2(s)| = e−pi(t+θ)|F2(s)|.
Then, the polynomial growth on vertical strips (Corollary 1) implies, for some positive A,
max
|s|=δ
|H(s+ ρ+ iτ)e−ipi2 (1−s−ρ−iτ) − F1(s+ ρ+ iτ)|  e−piττA. (4.15)
We gather equations (4.13), (4.14) and (4.15), choosing ε and τ such that ε+ e−piττA < γ. Then, by
triangular inequality we get
max
|s|=δ
|H(s+ ρ+ iτ)e−ipi2 (1−s−ρ−iτ) − F1(s+ ρ)| < γ = min|s|=δ|F1(s+ ρ)|.
Applying Rouché’s theorem, we deduce that F1(s) and H(s) have the same number of zeros inside the
circle of center ρ and radius δ. Since F1(ρ) = 0, we conclude that H(s), then F (s, α), has a zero inside
the considered circle.
The same argument applies for t < 0, replacing F1(s) with F2(s), since in this case the second term is
dominating in H(s). This concludes the proof of part (ii).
If α is irrational, F ∗(s, 0,±αq) can be seen as generalized Hurwitz zeta functions with periodic
coefficients. Thus, by our result on the zeros of generalized Hurwitz zeta functions [17], we deduce
that they have infinitely many zeros for σ > 1. Therefore, if σ < 0, F ∗(1− s, 0,±αq) have infinitely
many zeros (cf. (4.12)) and the argument used in the proof of (ii) applies. Thus, part (ii) of Theorem
6 even holds for α irrational. On the other hand, the existence of infinitely many zeros F (s, α) in
the right half-plane, is still an open problem if α is not rational, since the analogue for the classical
Hurwitz-Lerch zeta function is still not known.
We now want to derive an analogue of the Riemann-von Mangoldt formula for the linear twist. Let
σ be as in (4.11) and let σ′1 be as in Theorem 6 (then 1 + σ′1 is an upper bound of the real parts of the
zeros). We define as non-trivial zeros the zeros in the strip −σ ≤ σ ≤ 1 + σ′1. Let
NF (T, α) = ] { ρ = β + iγ | F (ρ, α) = 0,−σ ≤ β ≤ 1 + σ′1, |γ| ≤ T }
be the counting function of the non-trivial zeros and let n be the smallest integer n such that a(n) 6= 0.
Then, recalling (4.2), the following result holds.
Corollary 2. Let α ∈ (0, 1] and F ∈ S]1. Then, as T →∞,
NF (T, α) =
T
pi
log T +
T
pi
log
(
q
2pien
√
(m1 − αq)(m2 + αq)
)
+O(log T ). (4.16)
Proof. Given T0 > 0, a > σ, b > 1 + σ′1 sufficiently large, define N±(T ) respectively as
N+(T ) = ] { ρ = β + iγ | F (ρ, α) = 0,−a ≤ β ≤ b, T0 < γ ≤ T } ,
and
N−(T ) = ] { ρ = β + iγ | F (ρ, α) = 0,−a ≤ β ≤ b,−T ≤ γ < −T0 } .
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Then,
NF (T, α) = N
+(T ) +N−(T ) +O(1).
The result follows by a suitable application of the argument principle to N±(T ). We consider the
rectangle joining the points −a+ iT0, b+ iT0, b+ iT and −a+ iT to calculate N+(T ). Similarly, for
N−(T ) we apply the same argument to the rectangle in the lower half-plane joining the points −a− iT ,
b− iT , b− iT0 and −a− iT0. The proof proceeds exactly as in [9, Corollary 3], the differences being in
the coefficient of T log T in (4.16), halved since here we are in degree 1, as well as in the coefficient of
T in (4.16), where again the change of degree is visible.
Remark 9. We conclude observing that, if α is rational and α /∈ { 12 , 1}, the linear twist F (s, α) has
infinitely many zeros in the strip 12 < σ < 1 and the real parts of these zeros are dense in the interval
( 12 , 1). This results is an immediate consequence of Theorem 2 of [5], since in this case
F (s, α) =
N∑
j=1
Pj(s)L(s, χj) with N ≥ 2.
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